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Question 1 [20 marks} 


(a) Consider a Leslie model of a population with three age groups, 0-1 month, 1-2 months, 
and 2-3 months respectively. Assume that the fecundity rates of the first, second, 
and the third age group are 2, 15, and 8 respectively. The survival rate from the first 
to the second age group is 45%, the survival rate from the second to the third age 


group is 70%. 


(i) Write out the Leslie matrix L for this model. 


(ii) Find LZ? and hence determine the population vector in two months if the current 
population consists of 100 individuals in the first age group, 600 individuals in 


the second age group, and 500 individuals in the third group . 


1 10 
M= 
i 4 


(i) What are survival rates for the first and the second age groups? 


(b) Assume the Leslie matrix 


(ii) Find the eigenvalues and eigenvectors of the Leslie matrix MM. Which eigenvalue 


is dominating? Does the population become extinct, stay steady or grow? 


Question 2 [20 marks} 
The function f(x) = In(a# + 1) is defined by the power series 


Se (=1)e-49" ire a3 g 
fo) a BAB 


n=1 
(a) Show that this power series converges for any real number «x from the interval (—1, 1). 


(b) Does this power series converge at the points x = —1? x =1? Justify your answer. 


(c) Explain why f’(2) can be computed by term-by-term differentiation and find the 


power series representation for f’(x). 


(d) Find a power series representation for g(x) = In(1 — 2°). 
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Question 3 [20 marks} 


The curve given by the equation 
r=1+ cosy 
in polar coordinates is called cardioid. 
(a) Sketch the cardioid. 
(b) Compute the area of the region encompassed by the cardioid. 
(c) Compute the arc-length of the spiral given by the polar equation r = 5e° for 0 < 
6 < Ar. 
Question 4 [20 marks} 
(a) Solve the differential equation 
x’y'(x) + 2xy(x) = e” 
and check your answer. 
(b) Solve the homogeneous differential equation 
y" (x) — 8y"(@) + y(x) = 0. 
(c) Find a particular solution for the differential equation 
y"(x) — 3y'(x) + y(x) = sin 3a, 
(d) Find the general solution for the inhomogeneous differential equation 


y (x) — 3y'(x) + y(x) = sin 3z. 


Question 5 [20 marks} 
A news item is being broadcast to a potential audience of 100,000 people. Let f(t) 
be the number of people who have heard the news after t hours. Suppose that y = f(t) 
satisfies 
dy 


—* — (.06(100, 000 — y). 
7 (100, y) 


Assume that 10 people know the news at time t = 0. 
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(a) How many people will know the news after one hour? 
(b) How long does it take until the news item will have reached 99,000 people? 


(c) Find the steady state solutions of the differential equation above. 
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